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1 Introduction 

The problem of computing correlation functions is one of the most challenging problem in the 
field of quantum integrable models, starting from the establishment of the Bethe ansatz method 
in [1]. For the models where algebraic Bethe ansatz [21 [3l HI [5] is applicable, this problem 
can be reduced to the calculation of scalar products of off-shell Bethe vectors. These latters 
are Bethe vectors where the Bethe parameters are not constrained to obey the Bethe Ansatz 
equations anymore. For g[2-based integrable models, these scalar products were calculated in 
[6l O [8] and are given by the sums over partitions of two sets of the Bethe parameters. Lately, 
it was shown by N. Slavnov [9], that if one set of Bethe parameters satisfies Bethe equations 
(which guarantees that the Bethe vectors are eigenvectors of the transfer matrix), then the 
formula for scalar products can be written in a determinant form. This form is very useful 
to get an integral presentation for correlation functions [10^ [TTl [T2l [T3] in the thermodynamic 
limit. 

There is a wide class of quantum integrable models associated with the algebra gl^y {N > 2). 
An algebraic Bethe ansatz for these type models is called hierarchical (or nested) and was 
introduced by P. Kulish and N. Reshetikhin [H] . This method is based on a recursive procedure 
which reduces the eigenvalue problem for the transfer matrix for the model with gl^ symmetry 
to an analogous problem for the model with Qi]\f_i symmetry. Assuming that the problem for 

*This paper is a contribution to the Proceedings of the International Workshop "Recent Advances in Quantum 
Integrable Systems" . The full collection is available at |http:/ /www. emis.de/journals/SIGMA/RAQIS2010. html. 
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= 2 is solved, this method ahows to find hierarchical Bethe equations. Explicit formulas for 
the hierarchical Bethe vectors in terms of the matrix elements of the monodromy matrix 
can be found in [15], but these complicated expressions are very difficult to handle. 

The solution of this problem, namely the formulas for the off-shell Bethe vectors in terms of 
monodromy matrix, was found in [16] . These vectors are called universal, because they have the 
same structure for the different models sharing the same hidden symmetry. This construction 
requires a very complicated procedure of calculation of the trace of projected tensor powers 
of the monodromy matrix. It was performed in [T7], but only on the level of the evaluation 
representation of Uq{Qi]\i) monodromy matrix. 

There is a new, alternative approach to the construction of universal Bethe vectors for qIj^ 
symmetry models using current realizations of the quantum affine algebras [18] and using 
a Ding-Frenkel isomorphism between current and L-operators realizations of the quantum affine 
algebra Uq^Qij^f) ^9\. This approach allows to obtain explicit formulas for the universal Bethe 
vectors in terms of the current generators of the quantum affine algebra C/g(g[^) for arbitrary 
highest weight representations. It was proved in [20] that the two methods of construction of the 
universal Bethe vectors coincide on the level of the evaluation representations. Furthermore, it 
was shown in [21] that the eigenvalue property of the hierarchical universal Bethe vectors can be 
reformulated as a problem of ordering of the current generators in the product of the universal 
transfer matrix and the universal Bethe vectors. It was proved that the eigenvalue property 
appears only if parameters of the universal Bethe vectors satisfy the universal Bethe equations 
of the analytical Bethe ansatz |22| . 

The universal Bethe vectors in terms of current generators have an integral presentation, as 
an integral transform with some kernel of the product of the currents. In the [/g(s[2) case, this 
integral representation produces immediately an integral formula for the scalar product of off- 
shell Bethe vectors j23j which is equivalent to the Izergin-Korepin formula. In this article, we 
present an integral presentation of the universal off-shell Bethe vectors based on the quantum 
affine algebra Uq{Ql^). These integral formulas lead to integral formulas for scalar products with 
some kernel. The corresponding formula (15. 6p is the main result of our paper. The problem left 
to be done is to transform the integral form we have obtained to a determinant form which can 
be very useful for the application to quantum integrable models associated to gl^y symmetry 
algebra. 



2 Universal Bethe vectors in terms of L-operator 

2.1 t/qCflts) in L-operator formalism 

Let Ejj € End(C^) be a matrix with the only nonzero entry equals to 1 at the intersection of 
the i-th. row and i-th column. Let R(n, v) G End(C3 (g) C^) (g) C[[v/u]], 

R(n, f ) = V Eii O Eii + — — ^ V (Eii (g) Ejj + Ejj O En) 

l<i<3 ^ ^ l<j<j<3 

+ — — '^—T {uEij (g) Eji + vEji (g Eij ) 

l<«<j<3 

be a trigonometric R-matrix associated with the vector representation of 0(3. Let g' be a complex 
parameter different from zero or a root of unity. 

The algebra Uqi^X^^ (with zero central charge and the gradation operator dropped out) is 
an associative algebra with unit, generated by the modes L^j[ibA;], > 0, 1 < i,j < 3 of the 
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oo 3 

L-operators L^(2:) = ^ ^ Ejj (g) Lj^ [±/i;]z^^, subject to the relations 

k=Oi,j=l 

R{u,v)-{L^{u)(^l)-{l(^L^{v)) = il0L^{v))-{L^{u)^l)-R{u,v), 
R(n, z;) • (L+(u) O 1) • (1 O L-(t;)) = (1 L-(i;)) • (L+(n) 1) • R(n, u), 
L+JO]=L7-.[0] = 0, 1<^<J<3, (2.2) 
LtJO]Lr,[0] = l, l<fc<3. (2.3) 



Actually, we will not impose the condition (j2.3p since the universal Bethe vectors will be con- 
structed only from one L-operator, say L'^{z). 

Subalgebras formed by the modes L^[n] of the L-operators L^(z) are the standard Borel 
subalgebras C/g(b^) C Uq{Qlj^). These Borel subalgebras are Hopf subalgebras of Uq{glj^). Their 
coalgebraic structure is given by the formulae 

N 

^(l£M)=E Lt-(^)^L±,(n). 
fc=i 

2.2 Universal off-shell Bethe vectors 

oo 3 

We will follow the construction of the off-shell Bethe vectors due to |16j. LetL(z)= ^ ^ 'Eij® 

fc=0ij=l 

L- j[k]z~^ be the L-operatoi0 of the Borel subalgebra C/g(b+) of Uq{Ql2) satisfying the Yang- 
Baxter commutation relation with a i?-matrix R(n, v). We use the notation L^'^^z) G (C^)® (g) 

Uq{b^) for L-operator acting nontrivially on k-th tensor factor in the product (C^)*^^ for 
1 < k < M. Consider a series in M variables 

T(ni, . . . , um) = L^^Hui) ■ ■ ■ LW(nM) • R^^'-'Hum, ■ ■ ■ , ^i), (2.4) 
with coefficients in (End(C'^))'^*^ Uq{b^), where 

R^^'-''\uM,...,ui)= n llR^''Hu,,Ui). (2.5) 

In the ordered product of /^-matrices (12. Sp . the R^-'*^ factor is on the left of the R^"'') factor if 
j > m, or j = m and i > I. Consider the set of variables 

{t,s} = {ti, . . . ,ta;Si, . . . ,Sb} ■ 

Following [16], let 

»(f.»-)= n n ^=t^ 

l<j<fe l<i<a ^ * 

X (tr(c3)®(.+6) (8) id) {T{ti,...,ta;si,...,Sb)Ef^^0Ef^(g)l). (2.6) 



The element T(t, s) in (|2.6p is given by (j2.4p with obvious identification. The coefficients of 
M{t, s) are elements of the Borel subalgebra Uq{b~^). 



^We omit superscript + in this L-operator, since will consider only positive standard Borel subalgebra Uq{b'^ 
here and below. 
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We call vector v a right weight singular vector if it is annihilated by any positive mode Ljj[n], 
i > j, n > oi the matrix elements of the L"'~(2;) operator and is an eigenvector of the diagonal 
matrix entries Lf-{z): 

L+^iz)v = 0, i>j, L+^{z)v = \{z)v, i = l,...,3. (2.7) 

For any right C/q(g[3)-module V with a right singular vector v, denote 

nv{i,s) =M{i,s)v. (2.8) 

The vector valued function By(t, s) was called in 117] universal off-shell Bethe vector. 

We call vector v' a left weight singular vector if it is annihilated by any positive mode Ljj [n], 
i < j,n>Q oi the matrix elements of the L-operator L^(2;) and is an eigenvector of the diagonal 
matrix entries 'Lf-{z): 

= t;'L+(z), i<j, v'h+^{z) = ^li{z)v' , i = l,...,3. (2.9) 

For any left Uq{Q\^)-m.o(hAe V' with a left singular vector v\ denote 

Cv'{f,a) = v'C{f,a), (2.10) 

where 

{f,a-} = {Ti,...,Ta;CTi,...,C7b}, 

and 

X (tr(c3)®(a+b) id) (T(Ti,...,Ta;cTi,...,f7fe)Ef2"(g)E|^(g)l). 

Our goal is to calculate the scalar product 

{Cv'{f,a),Mv{i,s)). (2.11) 

There is a direct way to solve this problem, using the exchange relations of the L-operators 
matrix elements and the definitions of the singular weight vectors. However, this approach is 
a highly complicated combinatorial problem. Instead, we will use another presentation of the 
universal Bethe vectors given recently in the paper I24| . using current realization of the 
quantum affine algebra Uq{Ql^) and method of projections introduced in [25] and developed 
in [26|. 



3 Current realization of [/^(glg) 
3.1 Gauss decompositions of L-operators 

The relation between the L-operator realization of Uq{Q\^) and its current realization [18] is 
known since the work [19]. To build an isomorphism between these two realizations, one has to 
consider the Gauss decomposition of the L-operators and identifies linear combinations of some 
Gauss coordinates with the total currents of Uq{Q\'j) corresponding to the simple roots of 0[3. 
Recently, it was shown in |24] that there are two different but isomorphic current realization 
of Uq{Ql^). They correspond to different embeddings of smaller algebras into bigger ones and 
to different type of Gauss decompositions of the fundamental L-operators. These two different 
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current realizations have different commutation relations, different current comultiplications 
and different associated projections onto intersections of the current and Borel subalgebras 

Our way to calculate the scalar product of Bethe vectors (j2.1ip is to use an alternative form to 
expressions (12. Sp and (j2.10p for the universal Bethe vectors. It is written in terms of projections 
of products of currents onto intersections of the current and Borel subalgebras of Uq{Ql^). In 
this case, the universal Bethe vectors can be written as some integral and the calculation of the 
scalar product is reduced to the calculation of an integral of some rational function. 

For the L-operators fixed by the relations (|2.ip and ()2.2p . we consider the following decom- 
positions into Gauss coordinates F^-{t), Fjfj{t), j > i and kf{t)\ 

L£(i) = F±(t)fc+(t)+ ^tmit)^tmt,it), 1<^<J<3, (3.1) 

l<m<i 

^%^t) = kf{t)+ ^tmi^)ktmt,{tl i = l,2,3, (3.2) 

l<m<i 

L^tjW = ^f(*)E£W+ E F,^mW^^WE^,W, 3>i>i>l. (3.3) 

l<m<j 

Using the arguments of |19] , we may obtain for the linear combinations of the Gauss coordi- 
nates (i = 1, 2) 

F^{t) = F+ 1^,(0 - Fr^i_,(t), E,{t) = E+,+i(t) - Er^+i(t), 

and for the Cartan currents kf{t), the commutation relations of the quantum affine algebra 
Uq{Q\^) with zero central charge and the gradation operator dropped out. In terms of the total 
currents Fi{t), Ei{t) and of the Cartan currents kf{t), these commutation relations read 



[qz-q ^w)Ei{z)Ei{w) = Ei{w)Ei{z){q ^z-qw), 


(3.4) 


{q'^z - qw)Ei{z)Ei+i{w) = Ei+i{w)Ei{z){z - w), 


(3.5) 


ktiz)Edw) {kf{z)y' = ^-"^ E,{w), 

q ^z — qw 


(3.6) 


kt_^,iz)Edw) {kf^MT' = -^^^E,{w), 
^ ^ qz — q '^w 


(3.7) 


kt{z)E,{w){kt{z)y' = Ej{w), if i/j,i + l, 


(3.8) 


{q~h - qw)F,{z)F,{w) = Fi{w)F,{z){qz - q-^w), 


(3.9) 


{z - w)Fi{z)Fi+i{w) = Fi+i{w)Fi{z){q~'^z - qw), 


(3.10) 


kf{z)F,{w) {kf{z)y' = "Lh^F^^w), 


(3.11) 


kf,,{z)F,{w) {kl,{z)y' = ^-^^^F,{w), 


(3.12) 


ktiz)Fjiw){ktiz)y' = Fj{w), if i/i,j + l. 


(3.13) 


[Eiiz),F,iw)] = 5ij6{z/w){q - q~^){k~^^{z)/kr{z) - kt^^{w) / kf {w)) , 


(3.14) 



with Serre relations 

SyTn,^^,^(E,{zi)Ei{z2)Ei±i{w) - {q + q-^)Ei{zi)Ei±i{w)E,{z2) 
+ Ei±i{w)E,{zi)E,{z2)) =0, 
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Sym,^^,^ (^Fiizi)Fiiz2)F,±,{w) - {q + q~^)Fi{zi)Fi±i{w)Fi{z2) 
+ Fi±i{w)Fi{zi)Fi{z2)) =0. 

Formulae (j3.4p - (j3.14p should be considered as formal series identities describing the infinite set 
of relations between modes of the currents. The symbol 6{z) entering these relations is a formal 
series ^ z". 



3.2 Borel subalgebras and projections on their intersections 

We consider two types of Borel subalgebras in the algebra Uq{Ql^). Borel subalgebras Uq{h^) C 
Uqi^Qi'^) are generated by the modes of the L-operators \j~^\z) respectively. For the generators 
in these subalgebras, we can use instead modes of the Gauss coordinates (|3.ip - ()3.3p . 'Ef^j^^{t)^ 

Other types of Borel subalgebras are related to the current realizations of [/^(gl^) given in 
the previous subsection. We consider first the current Borel subalgebras generated by the modes 
of the currents Ei{t), Fi{t), kf{t). 

The Borel subalgebra Up C Uq{Ql^) is generated by modes of the currents Fi[n\, /c^[?n], 

i = 1, 2, j = 1, 2, 3, n € Z and m > 0. The Borel subalgebra Ue C Uq{Ql^) is generated by 
modes of the currents -E'j[n], k~[—m], i = 1, 2, j = 1, 2, 3, n € Z and m > 0. We will consider 
also the subalgebra Up C Up, generated by the elements Fi[n\, kj'[m], i = 1,2, j = 1, 2, 3, ?i G Z 
and m > 0, and the subalgebra U'^ C Ue generated by the elements -Ejn], k~[—m], i = 1,2, 
j = 1, 2, 3, ?i G Z and m > 0. In the following, we will be interested in the intersections 

uj = u'pnUq{b~), u+ = UFnUqib+), 
Up =UEnUq{b-), u+ = u'EnUq{b+), 

and will describe properties of the projections on these intersections. We call Ue and Ue the 
current Borel subalgebras. 

In [18] the current Hopf structure for the algebra Uq{Ql^) has been defined as: 

A(^) {E,{z)) = l^Ei{z) + E,{z) ® kr^.iz) {k^{z))-^ , 

A(^) {Fi{z)) = Fi{z) 1 + kt^^{z) ® Fi{z), (3.15) 

A(^) {kt{z))=kt{z)®kt{z). 

With respect to the current Hopf structure, the current Borel subalgebras are Hopf subalgebras 
of Uq{Ql^). One may construct the whole algebra Uq{Qi^) from one of its current Borel subalgebras 
using the current Hopf structure and the Hopf pairing 

{Ei,{z),Fj{w)) = {q - q"')6ij6{z/w), 

{i^;{z),kt,,{w)) = {kr{z),^l^t{uj)r' = "^'^"[I'l'j . (3.16) 
(^-(z),A;+(t«)) = (fcr^i(z),V^+(u;))-i = ^^^f^, 

where 

^t{t) = kt^.it) {kfit))-' , i = 1,2. (3.17) 



Universal Bethe Ansatz and Scalar Products of Bethe Vectors 



7 



Formulas (j3.16p can be obtained from the commutation relations (|3.4p - (j3.14p using the commu- 
tator rules (j5.4p in the quantum double. 

One can check [261 122] that the intersections Uy and Up, respectively and U^, are 
subalgebras and coideals with respect to the Drinfeld coproduct ()3.15p : 

and that the multiplication m in Uq{Ql^) induces an isomorphism of vector spaces 

m : UJ ®Up ^ Up, m: ®Up ^ Ue- 

According to the general theory presented in [26], we introduce the projection operators 

P+ : Up C [/.(glg) ^ U+, PJ : Up C U^i^l^) ^ ^7^, 
P+ : C/i, C [/,(0[3) ^ P- : C/i, C U^z) ^ C/^. 

They are respectively defined by the prescriptions 

/+)=£(/_)/+, /+) = /„ £(/+), V/„e[/7, V/+eC/+, (3.18) 

P/(e+ e_) = e+ e(e_), p-(e_ e+) = e(e+) e_, Ve_ € C/^, Ve+ G (3.19) 

where e : Uq{Q[^) ^ <C\s a counit map. 

It was proved in |28] that the projections and P^ are adjoint with respect to the Hopf 
pairing (j3.16p 

{e,Pf{f)) = {P^{e),f). 

Denote by C/^? an extension of the algebra Up formed by infinite sums of monomials that are 
ordered products ^^^[ni] • • • ai^,[ni] with ni < • • • < n^, where fljjn/] is either -Fj, [n/] or kf^[ni]. 
Denote by C/^; an extension of the algebra U p formed by infinite sums of monomials that are 
ordered products Oj^fni] • • • a^^, [n^] with ni > • • • > Ji^., where a^Jji/] is either -Ejjn^] or k~[ni]. 
It was proved in [26] that 

(1) the action of the projections (|3.18p can be extended to the algebra Up; 

(2) for any f GUp with A(^)(/) = ® fi we have / = PfifD ' ^/(/f); 

(3) the action of the projections (|3.19p can be extended to the algebra U p; 

(4) for any e G Up with A(^)(e) = Ei e- e^' we have e = E* P^ie'-) ■ -Pe"(e-). 

3.3 Definition of the composed currents 

We introduce the composed current^ Ei^^{w) and i<3^i(y) which are defined by the formulas 

^ / N f dz ^ , . ^ , . f dz ^ , . ^ , .q — q^^w/z 
Ei,3H=<P —E2{z)Ei{w) - i —Ei{w)E2{z y ^ ' 
Jco ^ Jcoo ^ l-w/z 

Fz,i{y) = I -Fi{y)F2{v) - I -F2{v)Fi{y f~'^~y\ (3.20) 



^Different definitions exist for composed currents, we choose the one, such that the corresponding projections 
of them coincide with the Gauss coordinates 113.11) . 
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where the contour integrals ^g{z) are considered as integrals around zero and infinity 

points respectively. The composed currents Ei^^^w) and F^^i^y) belong to the completed alge- 
bras Ue and U p, respectively. Let us remind that, according to these completions, we have to 
understand the product of currents E2{z)Ei{w) as an analytical 'function' without singularities 
in the domain \z\ <C \w\. Analogously, the product Fi{y)F2{v) is an analytical 'function' in the 
domain \y\ ^ \v\. For practical calculation, the contour integrals in definitions (|3.'20p can be 
understood as the formal integrals of a Laurent series g{z) = ^ g[k]z~^ picking up its zero 



mode coefficient g[0]. 

Deforming contours in the defining formulas for the composed currents we may rewrite them 
differently 

dz dv 
^1,3 {w) = - res E2 {z)Ei {w) — , ^3,1 (y) = - res Fi {y)F2 {v) — , (3.21) 

z=w z '"=%! V 

or 

E2{z)Ei{w) = 'LZ±^^E^{w)E2{z) + 5{w/z)E^;,{w), 

F,{y)F2{v) = 'L-±^F2{v)F,{y) + 5{y /v)F,,i[y). (3.22) 
1 - y/v 

Formulas p.2ip are convenient for the presentation of the composed currents as products of 
simple root currents 

^i,3(^^) = ((?-' - q)Ei{w)E2{w), F3,i{y) = (q-^ - q)F2{y)Fi{y). (3.23) 

Formulas (I3.22P are convenient to calculate the commutation relation between total and half- 
currents. This will be done lately. 

First, we calculate the formal integrals in the formulas (j3.20p to obtain 

00 

Ei^^{w) = E2[G]Ei{w) - q~^Ei{w)E2[Q\ - {q - q~')Y,EiHE2[-k]w^ 

k=0 

00 

F3,i{y) = Fi{y)F2[0] - qF2[0]Fi{y) - {q - q~^)Y,F2[-k]Fi{y)y\ 

k=l 

Here we used the series expansion 

'-r:^ = + - ^-') E (w^)' = + - ^"') E(-A)'- 

' k=l k=0 

Introducing now the half-currents 



Efiw) = ±Y,E2[k]w-', FtH = ±Y.F2[ 

fe>0 fc>0 
fe<0 fc<0 



and using the decomposition of the algebra Uq^gl^) into its standard positive and negative Borel 
subalgebras and the definition of the screening operators 

E2{Ei{w)) = E2[0]Ei{w) - q~^Ei{w)E2[0], 
F2(Fi(y)) = Fi{y)F2[0] - qF2[0]Fi{y), 
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we may write 

E2iEi{w)) = Ei^siw) + {q~^ - q)Ei{w)E^{w), 
F2(Fi(y)) = F3,i(y) + {q~' - q)F^ {y)F^{y), 

or 

E2{Ei{w)) = (g-i - q)E^{w)Et{w), ^2{Fi{y)) = (g"^ - q)F+ {y)F^{y). (3.24) 

To obtain the latter relation, we used formulas (j3.23p and relation between total and half-currents 
E2{w) = E^(w) - E^{w) and F2{w) = F^{w) - F^{w). 

4 Universal Bethe vectors and projections 

The goal of this section is to obtain the representations for the left and right universal Bethe 
vectors in terms of the integral transform of the products of the total currents. This will 
generalize the results obtained for Uqisl^) in the paper [28]. The calculation of the scalar 
product after that will be reduced to the calculation of the exchange relations between products 
of total currents. 

4.1 Universal Bethe vectors through currents 

It was shown in the papers [20l [21] that the universal right Bethe vectors 

a b 

Mv{i, s) = P+ (Fi(ti) • • • Fi{ta)F2{si) ■ ■ ■ F2{Sb))Y[h{ti) J] k2{s,)v 

1=1 1=1 

can be identified with some projection of products of total currents. Using the same method, 
we may prove that the left Bethe vectors 

a b 

Cv'{f, a) = v''[[ kiin) J] k2{ai)P+ {E2{ab) ■ ■ ■ E2{ai)Ei{Ta) ■ ■ ■ Ei{n)) (4.1) 

i=l i=l 

can be also identified with projection of products of total current^. So the problem of calculating 
the scalar product (Cy/(f , a),My{t, s)) is reduced to the exchange relations between projections. 
Fortunately, to perform this exchange, we have to calculate only modulo the ideals in the algebra 
Uq{Q\^) which are annihilated by the left/right singular vectors. 

One could calculate these projections to present them in the form of a sum of products of 
projections of simple and composed root currents (see formulas (|4.4p and (|4.5|) below). However, 
this calculation has the same level of difficulty as the exchange relations of Bethe vectors in terms 
of L-operators. The idea of the present paper is to rewrite projection formulas (j4.4|) and (|4.5|) in 
terms of integrals of total simple root currents, and then to compute the exchange of products 
of total currents. In this way, we will obtain an integral representation for the scalar product of 
the off-shell Bethe vectors. This calculation is much more easy, since the commutation relations 
of the simple roots total currents are rather simple. 



^In (|4.ip all operators are acting to the left onto left singular vector v' . 
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4.2 Calculation of the universal off-shell Bethe vectors 

Before presenting the formulas for the universal off-shell Bethe vectors in terms of the current 
generators, we have to introduce the following notations. Consider the permutation group Sn 
and its action on the formal series of n variables defined, for the elementary transpositions c7i^i+i, 
as follows 

'^{o'i,i+l)G{ti, ■ ■ ■ ,ti, ti+l, . . . , tn) = ^ , {, G{ti, . . . , ti^ijti, . . . , tn)- 

q-q ^ U/U+i 

The g-depending factor in this formula is chosen in such a way that each product Fa{ti) ■ ■ ■ 
Fa{tn) is invariant under this action. Summing the action over all the group of permutations, 
we obtain the operator Symj = ^ 7r((T) acting as follows 

(T€:5n 

The product is taken over all pairs such that conditions i < I' and a{i) > (t{1') are 

satisfied simultaneously. 

According to the results of the papers [261 127j. the calculation of the universal off-shell Bethe 
vectors is reduced to the calculation of the projections 

P+ (Fi(ti) • • • Fi{ta)F2{si) ■ ■ ■ F2{sb)) (4.2) 

for the right Bethe vectors anci^ 

P+ {E2{ab) ■ ■ ■ E2{<Ji)Ei{Ta) ■ ■ ■ Elin)) (4.3) 

for the left Bethe vectors. The calculation was detailed in [28]. Here, we present the result of 
calculations and give several comments on how it was performed. 

Proposition 1. The projections (j4.2p and ()4.3p are given by the series 
P+ (Fi(ti) • • • Fi(tjF2(si) • • • F2{sb)) 

min{a,6} 

= E k\{a - k)\{b - ky ^'-^{^^ ^^'^^'^ ■ ■ ■ ^l(*-^)^3,l(ta-fc+l) • • • FsAta)) 

X P+ (F2(sfc+i) • • • F2{sb)) Z{ta, ta-k+1] Sfc, ■ ■ ■ , Si)) (4.4) 



P+ {E2ic7b) ■ ■ ■ E2{ai)Ei{Ta) ■ ■ ■ Elin)) 
min{a,6} ^ 

^-^ m\[a — m)\[o — m)\ ' ^ 



m=0 



)^l(Ta-™)---^l(ri))y(T„... 



*For further convenience, we will denote the spectral parameters of the right Bethe vectors by latin symbols, 
and those of the left vectors by greek ones. 

^The ordering of the variables in the rational series in (|4.4|l differs from the ordering in the corresponding series 
in the paper [28]. This is because the rational series (|4.6p are defined differently with respect to the paper [28] . 
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where 

n ^ i—1 



q ^ - qxi/tj 



y(ti,...,t„;:ri,...,.0=nT3^n-_^^/i^. 



i=i ^ ~ ^*/** j=i+i ^ ~ ^i/^i 



Z (ti, . . . ,tnj Xi , . . . , Xfi) — Y (ti, . . . ,tnj Xi, . . . , Xji) . 

1=1 

Note that the kernels (|4.6p are defined in such a way, that they have only k simple poles 
at the point ti, . . . ,tk with respect to the variable Xk, k = 1, . . . ,n. These kernels appear in 
the integral presentation of the projections of the products of the same simple root currents 
(see (fiTi|) below). 

The proof of the formulas (j4.4p and (j4.5|) is similar to the proof presented in the paper [28]. We 
will not repeat this calculations here, but for completeness, we collect all necessary formulas. 
As a first step, we present the products of currents F2{si) ■ ■ ■ F2{sb) and E2{(Jh) " " ■ -£'2(ci) in 
a normal ordered form using properties of the projections given at the end of the Subsection 13. 2t 

b I 

F2{si) ■ ■ ■ F2{s,) = ^ Symg(p- (^2(51) • • • ^2(5^)) • P/ ^3^+1) ■ ■ ■ ^2(^6))), 

fc=o '' 

E2{ab) ■ ■ ■ E2{ai) 

= E ^,r/._^^| Sy"^^(-Pe+ (^2(^b) • • • ^2(^^+1)) • P- {E2M ■ ■ ■ E2ia,))). 

1 1 ti t \ L/ libit 

m=0 ^ ' 

To evaluate the projections in formulas (j4.4p and (j4.5p . we commute the negative projections 
{F2{si) • • ■ F2{sk)) to the left through the product of the total currents Fi{ti) ■ ■ ■ -Fi(ia) in 
case of (|4.4p and commute the negative projections P~ {E2{sm) ■ ■ ■ -^2(51)) to the right through 
the product of the total currents Ei{Ta) ■ ■ ■ Ei{ti) in ()4.5p . To perform this commutation we use 

Pf (i^2(si) • • • F2{sk)) = {-!)'' F2{si; S2, . . . , Sfc) • • • F2"(sfc-i; Sk)F2(.Sk), 

P- {E2{a^m) ■ ■ ■ E2{ai)) = (-1)"^ E^ {a„,)E^ {a^.^-a.^) ■ ■ ■ E^{ai;a2, . . . ,(t^), (4.7) 



and 



F3,l(t)F2 {si;S2,...,Sk) = ^ ^2 {sr,S2, . . . ,Sk,t)F3^i{t), 
£'2'(cTi; £72, . . . , am)Ei siT) = — —Ei 3{t)E2 (o-i; £72, . . . , dm, r) 

ai — T 



k 

Si 



The expressions 

F2 {si; S2, . . . , Sk) = F^{si) -V]— (l)se{si;s2,...,Sk)F2{se), 

1=2 ^ 
m 

E2{(Ti]a2, . . .,crm) = E2{cri) - ^ (/"^^ (ai ; <T2 , . . .,am)E2{cri) 

e=2 

are linear combinations of the half-currents, while 



j=2,j^t ^3=2^ 1^3 
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are rational functions satisfying the normalization conditions (j)sj{si; S2, ■ ■ ■ , Sk) = Sij, i,j = 
2, . . . ,k. One also needs the commutation relations between negative half-currents and the total 
currents 

and the identity 

n C-7'' S^f(>-fa, . . .,h-rs)) = ll'-^^^^S^-s{Y{-t; .„,..., .1)) 

valid for arbitrary permutations lo and uj' of the sets s and t, respectively. 
4.3 Integral presentation of the projections (14. 4p and ( 14. 5h 

The projections (j4.4p and (|4.5|) are given as a product of projection of currents. As already 
mentioned, this form is not convenient to obtain scalar products. We give a new representation 
in term of a multiple integral over the product of simple root currents: 

Proposition 2. 

P+ {E2{ab) ■ ■ ■ E2{ai)Ei{Ta) ■ ■ ■ ^i(ti)) 

= E(f , a; fl, u)EM • • • EME^iu,) ■ ■ ■ E^iu^), 

P+ (Fi(ti) • • • Fi(tjF2(si) • • • F2{sb)) (4.8) 

^F(t- X, y)F2iyi) ' ' ' F2{yb)F,{x,) ■ ■ ■ F,{x^), 

Vl J Vb J Xi J Xa 

where the kernels ]E(t, a; fl, v) and F(t, s; x, y) are given by the series 

/min{a,b} ^^^^ _ ^ _ 



m!(a — m)!(6 — m)! <7 ^aj — qa^ 

m=0 ^ ^ ^ ' rn<i<j<b ^ ^ ^ 3 

TT r ~ ^(^a, • • • ,Ta-m+l](ym, ■ ■ ■ , Cri)Z(ra, . . . ,ri;/ia, 

l<i<i<a-m ^ » ^ J 

a — m<i<j<a 

a— m 6 



X Z(/ia,---,/^a-m+l,Crm+l,...,0-b;Z^l,...,Z^b) ^ _ J/'^^^ 1 (^'^■^^ 

j=l i=m+l ^1/ f^j 



and 

' min{a,f)} 



¥{t,s;x,y) = Sym,J J] .vrf- i^V H 



k\(a — k)\(b — k)\ q ^Si—qsj 

fc=o ^ ' ^ ' k<i<j<b ^ « J 

)Yita,...,ti 



l<i<j <a— fc 
a— fc<i<j <a 



q - qyi/Xj 



xY{xa,...,Xa-k+i,Sk+i,---,Sb;yi,...,yb)T] IT ~i T — ^ • i^-^^) 



j=l i=k+l 
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The proof of these formulas is given in the next subsection. Let us explain the meaning 
of the integral formulas for the projections (|4.8|) . There is a preferable order of integration in 
these formulas. First, we have to calculate the integrals over variables z/j and yi, i = 1, ... ,6, 
respectively, and then calculate the integrals over fij and Xj, j = 1, . . . ,a. 

Example 1. Let us illustrate how it works in the simplest example a = b = 1 and for projection 
P+(Fi(t)F2(s)). We have 

P;(Fi(t)F2(s)) = y"^y"^F(t,s;rE,y)F2(y)Fi(x), 

where 

F(t, s; X, y) = Y{t; x)Y{s; + {q-^ - q)Z{t, s)Y{t; x)Y{x; y). 

1 - y/x 

Integration over y with the first term of the kernel yields to 

f — F2{y)Fi{x) = ^2 = Piix)F^is), 

J y 1-y/s 1- y/x x - s 

due to the commutation relations (j4.19p . Integration over y with the second term of the kernel 
produces 

{q-' -q)F+{x)F,{x) = F2 {Fi{x)) , 

according to the formulas (|3.24p . Finally, integration over x in both terms produces the result 
for the projection in this simplest case. The general case can be treated analogously. Of course, 
one can first integrate over x and then over y. However in this case, the calculation of the 
integrals for the projection becomes more involved and requires more complicated commutation 
relations between half-currents. 

4.4 Proof of the integral presentation of the projections (14. 4p and (14.51) 

Integral representation for the projections of the same type of currents {Fi{si) ■ ■ ■ Fi{si,)) 
and P^ {Ei{ab) ■ ■ ■ Ei{ai)) {i = 1,2) were obtained in [28]. They can be obtained from the 
calculation of these projections 

P+ {F,{si) ■ ■ ■ F,{sb)) = i^+(si)i^+(s2; si) • • • F+{sb; Sb-u • • • , si), 

P+ {Eiiub) ■ ■ ■ E,{ai)) = Efiab^Gb-i, • . . • • • £+(^2; (4.11) 

where F^(sk; Sfc_i, . . . , si) and Ef {(Ti^\ak~i, • • • , ci) are linear combinations of the half-currents 

k-l 

Sk 



F^^{sk; Sk-i, ...,si) = Fr^{sk) - ^ —ifstisk] Sk-i, si)i^+(s^), 

1=1 

k-l 

Et{crk;o-k-i, . . . ,(Ti) = E:^{ak) -^^faMk^^^k-i, ■ ■ ■ ,(^i)F,^{cre), 



l=\ 

with coefficients being rational functions 

fc-i fc-i _i 

There is a very simple analytical proof of the formulas (|4.1ip given in [28]. 
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Example 2. Let us illustrate this method on one example: the first relation in (j4.1ip with 
6 = 2. Indeed, from the commutation relation of the total currents -Fi(si) and Fi{s2), and due 
to the integral presentation of negative half-currents 

we know that 

P; (F,(.i)F,(s2)) = Ft{s^)Ft{s2) + ^ , (4.13) 

■' si q ^si — qs2 

where X{si) is an unknown algebraic element which depends only on the spectral parameter si. 
This element can be uniquely defined from the relation ()4.13p setting si = S2 and using the fact 
that Ff{s) = 0. The general case can be treated analogously (see details in [28]). Formulas ()4.7p 
can be proved in the same way. 

Using now the integral form of the half-currents 

J y ^-y/s J y l-y/s 

one can easily obtain integral formulas for (j4.1ip : 

P; (F.is^) ■ ■ ■ F,{s,)) = n -i' " 



[ — ■■■— Fiiyi) ■ ■ ■ Fi{yi,)Y{si, . . . , Sb;yi, ■ ■ ■ ,yb), 
J yi yb 



<Ji — (7 n 



— Eiiub) ■ ■ ■ Ei{ui)Z{ai, . . . ,ab;i^i, . . . ,Ub)- (4.14) 

According to the structure of the kernels (|4.6p . the integrands in (j4.14p have only simple poles 
with respect to the integration variables yi and i/i in the points si and fJi respectively, while with 
respect to the variables yb and Vb they have simple poles in the points sj and Cj, j = 1, ... ,6. 
Due to g-symmetric prefactors in the integrals (I4.14p . the integrals themselves are symmetric 
with respect to the spectral parameters sj and aj, j = 1, . . . ,b, respectively. 
The integral form for the projections of the strings 

P+ (Fiih) ■ ■ ■ Fi{ta-k)F3,l{ta-k+l) ■ ■ ■ Fs^iiQ) 

and 

P+ {Ei^M ■ ■ ■ Ei,s{ra~m.+l)Ei{Ta-m) ' ' ' ^i(ti)) 

is a more delicate question. To present them as integrals, we use arguments of [28] and formu- 
las (|3.24p . The point is that the analytical properties of the reverse strings 

P/ {F3,l{ta) ■ ■ ■ F3,i(t,_fc+i)Fi(t„_fc) • • • Fi(ti)) 

and 

P+ (Ei(Ti) • • • Ei{Ta^m)Ei^3iTa-m+l) ' ' ' ^l,3(Ta)) 
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are the same as the analytical properties of the product of the simple root currents Fi{ta)- ■ •-Fi(ti) 
and Ei{ti)- ■ ■Ei{Ta). Therefore the calculation of projection of the reverse string can be done 
along the same steps as for the product of simple root currents. In order to relate the projection 
of the string and projection of the reverse string, we need the commutation relations 

tl — 12 

Ei,s{r2)Ei{n) = ~ E,{n)E,^s{T2) 

n - T2 

and the fact (proved in [28]) that under projections we can freely exchange currents without 
taking into account the (^-function terms. As result, we get 

P+ {Fi{ti) ■ ■ ■ Fi{ta-k)F^,l{t a-k+l) ■ ■ ■ 

_ j-j- qti - Q'^tj j-j- QU - q~^tj 

try Cj trl at ^ 

l<i<a-k ' -J l<i<j<a-k ^ ' ^ -J 

a~k<Cj<a a~k<ii<,j <a 

X W P {F3,i{tf,t£ j^i, ... ,ta)) Y\_ Pi{'te',te+i,---,ta) 

a>e>a-k a~k>e>l 

nti - tj f dxi dXa ^ . 

l<i<j<a-k ^ I- ^ J J ^ " 

a — fc<z<J <a 

X ^2{Fl{Xa)) ■ ■ ■ ^2{Fl{Xa^k+l))Fl{Xa-k) ' ' ' Fi{xi). (4.15) 



Analogously 

(ElM ■ ■ ■ Ei^s{ra--m+l)Ei{Ta-n,) ' ' ' Ei{ti)) 

Ti — Tn q~^Ti — qTn 

l<i<a-k ' J l<i<j<a-k ^ ^ J 

a — k<^j<^a a — k<,i<Cj^a 

X E^{ti;t£+i, . . . ,ta) Y\_ Pft (.Ei,3i'tt,te+i, . . . ,ta)) 

l<£<a~m a~-k<i<a 

^ / Z{Ta,...,Tl■,^la,■■■,^ll) 

X Eiifli) ■ ■ ■ Ei(^<,_^)E2(^l(Ma-m+l)) • • • £2(^1 (/ia)). (4.16) 

Here we used the notations 

Yl Ai = AaAa-i---A2Au Yl Be = BiB2---Ba-lBa 

a>e>l l<i<a 

for products of non-commutative terms and the identities 

P; (F3,i(t)) = P+ {F2(F,m = F2 {PtiFiit))) = F2 {F+{t)) , 
P+ {E,,s{r)) = Pt mEi{T))) = E2 {Pt{Ei{T))) = E2 [Etir)) , 

on commutativity of the screening operators and the projections proved in j28j . 

The last step before getting integral formulas for universal Bethe vectors is to present products 
of screening operators acting on total currents, 

^2{Fi{xk)) ■ ■ ■ F2(Fi(xi)), E2(Si(/ii)) • • • E2{Ei{fi„,)), 
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as an integral using formulas p.24p . The presentation follows from the following chain of equa- 
lities 

^2{Fi{xk)) ■ ■ ■ F2(Fi(xi)) = (g-i - qfF+{xk)Fi{xk) ■ ■ ■ F+ {x2)Fi{x2)F+ {xi)Fi{xi) 

= {q~^-qf n "^^'"^ F+{xk)F+{xk-i;xk) ■ ■ ■ F+{xi;x2, . . .,Xk)Fi{xk) ■ ■ ■ Fi{xi) 

l<i<j<k J 

/d d 
^ • • • —Y{xk, ...,xr,Zk,..., zi)F2{zk) ■ ■ ■ F2{zi)Fi{xk) ■ ■ ■ Fi(xi) (4.17) 
Zl Zk 

and 

£2(^1 (/ii)) • • • £2(^1 (/i™)) = (g-^ - q)''Ei{fii)E+{fii) ■ ■ ■ El{^l„^)E+{^Xm) 

= {q-'-qr n ~^ Eiif,,) ■ ■ ■ E,{fi^)Et{fii; fi2, ■ ■ ■ , f^m) ■ ■ ■ E^M (4.18) 

l<i<j<ra 

/d d 
1 -Z{flrn., ■ ■ ■ ,fii;Pm, ■ ■ ■ , Pl)Ei{fli) ■ ■ ■ Ei{flrn)E2{pi) ■ ■ ■ E2{pm), 
Pi Pm 

where we have used the commutation relation 

Fl{Xj)F2 (xj ; Xj—i , . . . , Xj — i) = ■ 'F2 i-^i: •^i—lj ■ ■ ■ 1 •^j'jFli^Xj^ , 

Xi J 

E^iPuPi+i,- ■ ■ ,Pj-i)Eiipj) = — ^-Ei{pj)E+{pi; pi+i, . . . , pj). (4.19) 

pi Pj 

Note that these commutation formulas are crucial for the integral formulas given below in ()4.20p 
and (I4.2ip . One can see that the right hand sides of these formulas are not ordered, while the 
left hand sides are. 

Example 3. Let us check the first equality in (j4.19p . in the simplest case. To calculate this 
exchange relation, we start from the definition of the composed currents i<3^i(x) as given in ()3.22p 
and apply to this relation the integral transformation 

dy 1 



y 1- y/xi 

To calculate this integral, we decompose the kernel of the integrand as 

q-q~^X2/y 1 _q-q-^X2/xi 1 ^ {q - q"^) X2/y 



l-X2/y 1-y/xi I-X2/X1 1-y/xi I-X2/X1 l-X2/y' 
This leads to 

Fi(x2)F+(xi) = iZ^^^F+(xi)Fi(x2) 



j'^ ^/^ F,-(x2)Fi(x2) + . ^ , ^3.1(^2) 
1 - X2/X1 ^ 1 - X2/X1 

- q-'^X2/xi ( {q-q~^)xi ^ ^^ 77 ^ ^ 

F2KX1) Zl ^-^2 (^2) Fi{x2) 

, q-q ^X2 xi J 



1 - X2/X1 
- q-^X2/xi ^+ 



1 - X2/X1 



F^{xi;x2)Fi{x2), 



where we have used the definition of the negative half-current (j4.12p , the expression of the total 
composed current (|3.23p and the Ding-Frenkel relation ^2(0:2) = F2{x2) — F2~(x2). 
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After substituting formulas (j4.17p and ()4.18p into integral formulas for the projections of 
the string (j4.15|) and (|4.16|) . we obtain, from the resolution of the hierarchical relations for the 
universal Bethe vectors ()4.4p and (|4.5p . the following intermediate results 



min{a,6} 



{q-^ - qy 



m=0 



m!(a — m)!(6 — m)! 



X Sym^ ,j 



n 



l<z<J <a — m 
a — 7?i < -i < J < a 



Ti - qTj 



-Y{Ta, . . . , Ta-m+i;0-m, ■ ■ ■ ,Cri) 



^1 J J Ail 

X Z(ra, . . . ,ri; /ia, • • • , Ml)-2'(/^a, • • • ,/"a-m+i; ^^1, • • • , I'm) 



X P+ {E2{ab) ■ ■ ■ E2{arr,+l)) Eii^ii) ■ ■ ■ Ei{lXa)E2{Vm) ' ' ' ^2(1^1) 



(4.20) 



and 



min{a,fe} 



P+(Fi(ti)---Fi(OF2(si)---F2(sb)) = 



(r^ - 



fc=0 



k\{a - k)\{h - k)\ 



( 



X Sym. 



n 



'Z(ta, • • • , ta—k+1'1 •Sfc; • • • ; Si) 



q Hi - qtj 



Vl<i<j<a — k 
a — k<.i<.j ^a. 

X J) ^ /^/^ / — 

J yi J Vk J XI J Xa 

X Y{ta, . . . , ti; Xa, . . . , xi)y(a;a, . . . , Xa^k+i; 2/1, • • • , yfc) 



i^2(yi) • • • F2{yk)F,{Xa) ■ ■ ■ Fi{xi)Pf (F2(sfc+i) • • • F2(sb)) 



(4.21) 



The last step is to move to the left, in (j4.20p . the product of the total currents Ei{^i) ■ ■ ■ Ei{^a) 
through the projection (£"2(0";,) • • • £'2(cr,n+i)) using the factorization formulas (j4.1ip and the 
commutation relations (j4.19p . Analogously, in (j4.2ip , one has to move to the right the product of 
the total currents Fi{xa) ■ ■ ■ Fi{xi) through the projection Pj' (^2(5^+1) • • • F2{sb)), using again 
the factorization formulas (j4.1ip and the commutation relations (j4.19p . As result, we obtain the 
integral formulas ()4.8p for the projections of the product of currents for the algebra Uq^qI^). 



5 Scalar products of universal Bethe vectors 
5.1 Commutation of products of total currents 

Formulas (|4.8p show that in order to calculate the scalar product of the universal Bethe vectors, 
one has to commute the products of the total currents 

£{fl, v) = Eii^n) ■ ■ ■ Ei{^la) E2{vb) ■ ■ ■ E2{vi) 

and 



F{x,y) = F2{yi)---F2{yi) Fi(xJ • • • Fi(xi). 
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According to the decomposition of the quantum affine algebra Uq{Ql^) used in this paper, 
the modes of the total currents -F^'^]) ^ii'iT' + 1]; kj~[n], n > and a g-commutator £'i^3[l] = 
E2[^]Ei[l] - q-^Ei[l\E2[Q], belong to the Borel subalgebra Uq{b+) G Uqi^Qi^). We define the 
following ideals in this Borel subalgebra. 

Definition 1. We note J, the left ideal of Uq{h'^) generated by all elements of the form Uq{h'^) ■ 
Ei[n], n > and Uq{b~^) ■ £'i^3[l]. Equalities in Uq{b'^) modulo element from the ideal J are 
denoted by the symbol 

Definition 2. Let / be the right ideal of Uq{b~^) generated by all elements of the form Fi[n] ■ 
Uq{b^) such that n > 0. We denote equalities modulo elements from the ideal / by the sym- 
bol 

We also define the following ideal in Uq{Ql^): 

Definition 3. We denote by K the two-sided Uq{Qi^) ideal generated by the elements which 
have at least one arbitrary mode n < 0, of the negative Cartan current kj{t). Equalities 

in Uq{Ql^) modulo element of the ideal K are denoted by the symbol 

Equalities in Uq{Ql^) modulo the right ideal /, the left ideal J and the two-sided ideal K will 
be denoted by the symbol 

A right weight singular vector defined by the relations (I2.7p is annihilated by the right action 
of any positive mode n > 0, the element -Ei,3[l] and is a right-eigenvector for k'^{t), 

E+{t)-v = 0, P+ (Ei^siT)) ■ V = 0, k+{T)-V = Aj{T)v, 

where Aj(r) are some meromorphic functions, decomposed as a power series in r~^. A left 
weight singular vector v' defined by the relation (I2.9P is annihilated by the left action of any 
nonnegative modes Fi[n], 7i > and is a left-eigenvector for kj'(t), 

v'-F+it) = 0, v'-kl{t) = A'^{t)v', 

where A^(t) are also meromorphic functions. These facts follow from the relation between 
projections of the currents and the Gauss coordinates of the L-operator (j3.ip - (|3.3p . 
We observe that the vectors 

P+{Fi{tl)---Fi{ta)F2{si)---F2isb))-V (5.1) 

and 

v' ■ P+ {E2{ab) ■ ■ ■ E2{ai)Ei{Ta) ■ ■ ■ Ei{ti)) (5.2) 

belong to the modules over the quantum affine algebra ^/^(gla) from the categories of the highest 
weight and lowest weight representations respectively. This is in accordance with the definition 
of the completions U e and Up and the corresponding projections given above. 

We assume the existence of a nondegenerate pairing (u', v) and by the scalar product of the 
left and right universal Bethe vectors, we will understand the coefficient S{f, a; t, s) in front of 
the pairing {v\ v) in the right hand side of equality 

{v' ■ P+ {E2{ab) ■ ■ ■ E2{ai)Ei{Ta) ■ ■ ■ ^i(ri)) , P+ (Fi(ti) • • • F^{ta)F2{si) ■ ■ ■ ^2(55)) • v) 

= 5(ri,. . . ,ra,cJi, . . . ,(Tb;ti,. . . ,ia,si, • • • ,Sb){v' ,v). (5.3) 
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It is clear that the scalar product (|2.1ip differs from ()5.3p by the product 

a h 
k=l m=l 

The problem of calculation of the scalar product of the universal Bethe vectors ()5.3p is equiva- 
lent to the commutation of the projections entering the definitions of the vectors (|5.ip and (|5.2p 
modulo the left ideal J and the right ideal /. To calculate this commutation, we use the integral 
presentation of the projections (14. Sp . commute the total currents and then calculate the integrals. 
Since both projections belong to the positive Borel subalgebra Uq{b~^), we can neglect the terms 
which contain the negative Cartan currents k~(t) and perform the commutation of the total 
currents modulo the two-sided ideal K. Actually, in commuting the total currents, we will 
be interested only in terms which are products of combinations of the Uq{Ql^) positive Cartan 
currents (|3.17p . All other terms will be annihilated by the weight singular vectors. 

Let us recall that elements £{fi,i') and F{x,y) are elements of the completed algebras Ue 
and Up-, which are dual subalgebras in Uq{Q\^) considered as a quantum double. There is 
a nondegenerate Hopf pairing between these subalgebras, given by the formulas (|3.16p . For any 
elements a ^ A and b € B from two dual Hopf subalgebras A and B of the quantum double 
algebra ^{A) = A(B B, there is a relation [26] 

(a(2),6(2)) 6« -aW =a(2) .6(2)(a«,6W), (5.4) 

where A^(a) = a^^) (g) a^^) and Ab(&) = (g) b^'^\ 

Let us apply formula ()5.4p for a = <S(/i,z/) = £ and b = T{x,y) = T. Using the current 
coproduct (|3.15p . we conclude that 

^^^')£ = \(^£^£' ®£\ ^^^^T = 1C^ ®T ^T' ®T" , (5.5) 

where the element £' satisfies e{£'^ = and the element £" contains at least one negative Cartan 
current k^{T). The element /C"*" in (|5.5p takes the form 

a b 

i=l j=l 

The left hand side of the relation ()5.4p have the form 

{£,T)-}C+ mod J 
and the right hand side of the same relation is 

£ ■ T mod K. 

The ideal J, similar to the ideal J, is the left ideal in C/q(g[3) generated by the elements f/g(g[3) • 
-Ej[n], i = 1,2 and n € Z. One can check that after integration in (|4.8p the terms of the ideal J 
which have non-positive modes of the currents £'i(^fc) and E2{i'm) on the right will disappear 
and can be neglected. Alternatively, we can argue that these terms are irrelevant using cyclic 
ordering of the current or Cartan-Weyl generators, as it was done in the papers [261 121] . 
As result, a general equality (15. 4|) for the given elements a = £{fl, i') and b = J-{x, y) reads 

a b 

£{fl,u) •/■(x,y) = {£{fl,i?),J'{x,y))Y{iptixi)Y{^2iyj) ™od {K,J) 

i=i j=i 

modulo ideals K and J. This relation shows that instead of calculating the exchange relations 
for the product of the currents £{fi, v) and J-{x, y) it is enough to calculate the pairing between 
them. 
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5.2 Pairing and integral formula for scalar products 

To calculate the pairing, we will use the basic properties of pairing between dual Hopf subalgebras 

(aia2, h) = {ai ® 02, Ab(6)), (a, 61 ^2) = (A^(a), 62 ® 
where A = Ue and B = Up. From these properties, we obtain 

7" 1 7" 1 ^j-Vi z-, - 1 tJ-, mi - 1 Vj 



{q - q-^T^' Sym , J] '^('"^Z^^) Sym,- \{ 5{ujyi) 



\i=l / \i=l / 

Using the definition of the scalar product of the universal Bethe vectors ()5.3p and integral 
presentations of the projections (j4.8p . we conclude 

Proposition 3. 

^(ri, . . . ,Ta,(Ti, . . . ,(Tb; ii, . . . Si, . . . , Sfo) 
= (9 



b a 

m 



J Xi J Xa J yi J Vh Xj- 



^ -Q q-x. qx, ^ q^y. qy, _ . _^ _ _ _^ 

^J- qXi - q ^Xj ^J- qyi - q ^yj 

a h 

^J{^t{xi)J[^t{y3), (5-6) 

i=l j=l 

where the rational series E(f,(j;x,y) and¥{t,s;x,y) are given in (j4.9p and (|4.10p . 

6 Conclusions 

The kernels entering the formulas (j4.8p can be (7-symmetrized over integration variables due to 
the (7-symmetric properties of the product of the total currents. In the 9(2 case, this leads to 
the determinant representation of the kernel due to the identity 



Zi i'j , Xi Xj 

l< 

■det 



1<J 2<J 



Xi 



{ti - Xj){q ^ti - qXj) 



i,j=l,...,n 



where the determinant on the right hand side is called an Izergin determinant. It is equal (up 
to a scalar factor) to the partition function of the XXZ model with domain wall boundary 
conditions [5]. 

The challenge is to get determinant formulas for the (7-symmetrized kernels ()4.9p and ()4.10p 
as a sum of determinants and to use further this determinant formula to get a determinant 
formula for the scalar products. Work in this direction is in progress. 
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